We examine the stability and the strong cosmic censorship in the Reissner-Nordstrom-de Sitter (RN-dS) black hole by investigating the evolution of a scalar field non-minimally coupled to the curvature. We find that when the coupling parameter is negative, the RN-dS black hole experiences instability. The instability disappears when the coupling parameter becomes non-negative. With the increase of the coupling parameter, the violation of the strong cosmic censorship occurs at a larger critical charge ratio. But such an increase of the critical charge is suppressed by the increase of the cosmological constant. Different from the minimal coupling situation, it is possible to accommodate β ≥ 1 in the near extremal black hole when the scalar field is non-minimally coupled to curvature. The increase of the cosmological constant can allow β ≥ 1 to be satisfied for even smaller value of the coupling parameter. The existence of β ≥ 1 implies that the resulting curvature can continuously cross the Cauchy horizon. *
Introduction
It is well-known that the existence of the Cauchy horizon (CH), i.e., the inner horizon of black holes implies the loss of determinism of the physics laws beyond the CH. To rescue the determinism, Penrose proposed his famous Strong Cosmic Censorship (SCC) long ago. The SCC is based on the fact that the CH of realistic black holes formed dynamically in the asymptotically flat spacetime is inextendible due to the occurrences of the so-called mass-inflation induced by the blue shift amplification effect of the unavoidable time-dependent remnant fields propagating along the CH. The presence of this scenario relies essentially on the inverse power law decay of the fields in the exterior region of asymptotically flat black hole spacetime, which cannot compete with the aforementioned blue shift amplification [1] .
However, when one considers the de Sitter (Λ > 0) black holes, the situation we discussed above will change dramatically. Because in an asymptotically de Sitter spacetime, the perturbations outside the black holes decay instead exponentially in the form of e −αt , where α stands for the spectral gap, determined by the relation α = inf{−Im(ω i )} over all possible quasinormal modes (QNMs) ω i [2] . This kind of exponential decay behavior could be fast enough to make that the inner horizon singularity so weak that the spacetime metric would be extendible beyond the CH as a weak solution to the Einstein field equation [3] , leading eventually to the violation of the SCC. The fate of the SCC depends on the delicate competition between the exponential decay outside the black hole and the blue shift amplification along the CH in the interior region of black hole. In particular, it is found that the SCC will not be respected if the universal condition
is satisfied, where the κ − is the surface gravity of the CH. Whence we can assert that the SCC will be violated if and only if the condition β ≡ −
is satisfied by all QNMs. This amounts to saying that if there exists one mode which does not meet this condition, the SCC will be respected.
In order to examine the stability of the Reissner-Nordstrom-de Sitter(RN-dS) black holes, the QNMs have been investigated at various aspects, including the charged scalar field perturbation in four dimension [4] , and the gravitational perturbation in higher dimensions [5, 6] . In particular, due to the above relation between QNMs and SCC, the QNMs of RN-dS black holes have recently attracted resurgent attentions [1, 2, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] since the pioneering work [2] . The linear neutral massless scalar perturbation is studied respectively in dimension d = 4 [2] , and in higher dimensions [16] . As a result, SCC is found to be violated when the black hole parameters are taken in the near extremal regime. Such a violation of SCC becomes more severe under the coupled electromagnetic and gravitational perturbations [7] . The discussions have also been generalized to the charged massless/massive scalar perturbation, and it has been shown that the SCC will be saved from being violated provided that the field is charged properly, but there is still a parameter regime in which the violation of SCC occurs [1, 9, 11, 10] . The similar result has also been obtained for the Dirac field perturbation [13, 18] . In addition, The non-linear evolution of massless neutral scalar perturbation is consid-ered in RNdS space and it turns out that the SCC might not be saved by such nonlinear effects [19] . On the other hand, the SCC in lukewarm RNdS and Martnez-Troncoso-Zanelli black hole spacetime under the non-minimally coupled massive scalar perturbation was investigated and it was shown that the validity of the SCC depends on the characteristics of the scalar field [15] . Last but not least, although the Kerr-de Sitter black holes share many similarities with the RNdS ones, it is found that there is no violation of SCC for the linear perturbations [12] . Later on, no violation is further extended to higher dimensional Kerr-dS backgrounds for minimally coupled fields [14] , as well as the non-minimally coupled massive scalar field [17] .
It was argued that minimal coupling is of limited value in the context of effective field theories, while non-minimally coupled interactions were appreciated in the general study in gravity [20] . As an alternative gravitation theory, scalar field non-minimally coupled to curvature was considered in [21] and the coupling term in Einstein-Hilbert action allows for a suitable solution for the existence of inflation. The evolution of a scalar field coupled to curvature in topological black hole spacetimes was investigated in [22] . So far all investigations on the SCC are limited to fields that are minimally coupled to curvature in RN-dS spacetime, it is natural to generalize the study to the non-minimal coupling scalar field. The work [17] studied the SCC and the quasinormal resonance of non-minimal coupling scalar field in the Lukewarm ReissnerNordström-de Sitter black holes, however they set the charge and the mass of the RN-dS black holes to be equal to each other. In our present work, we will not impose any relations between black hole charge Q and mass M , and we will disclose the general validity of the strong cosmic censorship in four-dimensional Reissner-Nordström-de Sitter black hole against non-minimal coupling massless neutral scalar field perturbations. Considering that in [2] the SCC for massless neutral scalar perturbation with minimal coupling has been investigated, it is interesting to reveal the rich influences of the coupling parameter on the perturbation stability and the validity of the SCC.
The rest of the work is organized as follows. In Section 2, we give a brief and general introduction of the RN-dS spacetime in d ≥ 4 dimensions and derive the basic equations which control the motion of linear scalar perturbations. In Section 3, we analyze the stability of RNdS black holes under non-minimally coupled linear scalar perturbations to disclose the impact of coupling constant on the stability of the RN-dS spacetime. In Section 4, we would like to investigate the validity of the SCC under scalar perturbations with different coupling constants, and we conclude with some discussions in the last section.
Scalar perturbations with non-minimal coupling and the relation between QNMs and SCC
In this section, we would like to give a general derivation of the equation of motion of the scalar field in d ≥ 4 dimensional RN-dS background. The metric of RN-dS spacetime in
where
in which L is the cosmological radius associated with cosmological constant Λ, while the parameter q and m are related to the electric charge Q and the ADM mass M of the black hole as
with ω d being the volume of the unit d-sphere. Furthermore, we have the electromagnetic field F and gauge potential A
The action of the scalar field with a coupling constant λ coupled with constant Ricci curvature R = 2d/(d − 2)Λ is
by which the equation of motion and energy-momentum tensor of the scalar field in the ddimensional curved spacetime can be obtained as
where G µν is the Einstein tensor, the operator D ν = ∇ ν − ieA ν is the extended covariant derivative, while e and µ are the electric charge and the mass of the field, respectively. We expand ψ in the following way
Whence the equation of motion reads (2.10) in which
and Φ(r) = qe
In the present paper, we focus only on the massless neutral scalar perturbations in the fourdimensional RN-dS spacetime, which corresponds to e = µ = 0 and d = 4. As a result, the equation can be simplified into
As one can see, the only effect of non-minimal coupling constant λ is that the effective potential V ef f will be affected by the term 4Λλ. Note that we are considering the case with a positive cosmological constant Λ, thus a positive λ will increase the value of V ef f while a negative λ will decrease V ef f such that V ef f will have a wider and deeper negative region, leading to a potential instability of the black hole spacetime, as we shall discuss in Section 3. By introducing the tortoise coordinate dr * = dr f (r)
, we finally arrive at the master equation in the form of a Schrodinger equation 16) which gives rise to the spectrum of QNMs once the boundary conditions are imposed as follows
To relate the QNMs to SCC, we may as well go to the ingoing coordinate v = t + r * outside the black hole. Because our QNMs behaving as e −iωv across the event horizon are analytic functions in this coordinate, we can analytically continue our QNMs solutions to the inside of the black hole. In the inside of the black hole, we can go back to the t coordinate, where our analytically continued solutions behave as e −iωt . One should note that generically we will have both the ingoing and outgoing modes at the CH, i.e.,
Taking into account that the ingoing coordinate v is singular while the outgoing coordinate u = t − r * is well defined at the CH, we would like to move onto the u coordinate, where the two modes behave as 
for all QNMs. This means that if we can find some modes which meet the condition 21) then the SCC would be respected. It is noteworthy that by this criterion the SCC can still be violated even in the presence of the blow up of the curvature near the CH, which becomes finite when β ≥ 1 for all the modes.
Stability analysis
In this section, we would like to conduct a stability analysis of the RN-dS black hole under the neutral massless non-minimally coupled scalar fields. By inspecting the effective potential (2.15), we can see that the effective potential is affected by the coupling constant λ in the form of 4Λλ. Whence we can infer that the instability may occur if λ is negative with big enough magnitude no matter which angular number l we choose. On the contrary, note that the RN-dS black hole is stable under the neutral massless minimally coupled(λ = 0) scalar field [4] , and the appearance of the positive coupling constant will increase the effective potential such that the stability of the black hole is reinforced.
In Fig.1 , we show the behavior of effective potential V ef f between the event horizon r + and the cosmological horizon r c for l = 0 and l = 1. As expected from the formula (2.15), the larger angular number l, the more negative coupling constant is needed to have the occurrence of negative effective potential V ef f in some region. Such an occurrence signals the possible instability of the black hole [24, 25] . To see what really happens, one is required to calculate To this end, we calculate the QNM frequency ω numerically by using the asymptotic iteration method (AIM) [26] . As such, we introduce a new variable ξ ξ = 1 r .
rewrite φ(r) in terms of the new variable ξ as follows
with ξ + = r c , and recast Eq.(2.14) into the form as
We list the n = 0 QNMs with the angular number l = 0, 1, 5, 10 in Table 1 and Table 2 for negative and non-negative λ, respectively. For the negative λ, one can see there always exists a purely imaginary unstable mode at l = 0. Moreover, the less negative the coupling constant λ is, the smaller the imaginary of part of this unstable mode is. While for λ ≥ 0, the unstable mode does not exist, indicating that the black hole is stable.
Strong cosmic censorship 4.1 The fate of SCC
Note that we always have an unstable mode for the negative coupling parameter, so regarding the potential violation of the SCC, below we shall focus only on the non-negative coupling parameter. We plot the most dominant modes for l = 0, 1, 2, 10 in Fig.2 , where each column corresponds to the result for the same cosmological constant with the coupling parameter increased from the top to the bottom, and the black vertical line is used to indicate the critical charge ratio As one can see, the violation of the SCC always occurs no matter how we choose the value of the coupling parameter and cosmological constant. In addition, for a fixed cosmological constant, the aforementioned critical charge ratio increases with the coupling parameter. So the larger the coupling parameter is, the harder the violation of the SCC is. To scrutinize such a behavior, we plot the variation of the critical charge ratio as the increase of the coupling parameter in Fig.3 . First, it seems that such an increase will be saturated at a large coupling parameter. That amounts to saying that a larger coupling parameter will not affect the critical charge for the violation of the SCC any more. Second, the larger the cosmological constant is, the tinier such an increase is. In this sense, the cosmological constant seems to play a role in refraining the effect of the coupling parameter onto the critical charge. 
The blow up of the curvature
It has been shown in [7] that β < 1 for all the modes in the case of the minimal coupling, so the curvature blows up although the CH is extendible. Note that our scalar is coupled with the curvature, thus it is interesting to ask whether the curvature can cross the CH continuously when the coupling parameter is non-vanishing.
As such, we list the most dominant QNM data at each angular number in Table 3 to 5 for the charge ratio Q Qmax = 0.9990244, where the most dominant mode is blackened. As we see, β ≥ 1 can happen to all modes when the coupling parameter is non-vanishing. Furthermore, in Fig.4 , we plot the contour of β for the most dominant mode in the space of the charge ratio Q Qmax and coupling parameter λ. As one can see, when the cosmological constant is small, β will not go beyond the limit β = 1. When the cosmological constant is increased, the region of β ≥ 1 emerges in the near extremal regime and the corresponding range of coupling parameter is enlarged toward the small values.
Conclusions
In this paper, we consider the perturbation of the non-minimally coupled scalar field in four dimensional RN-dS spacetime. In particular, we have investigated the stability of the RN-dS black hole and the SCC under such a perturbation by applying AIM method to calculate out the QNMs. When the coupling parameter is negative, there always exists a purely imaginary unstable mode, indicating the instability of the black hole under consideration. When the coupling parameter is non-negative, such an instability disappears. On the other hand, with the increase of the non-negative coupling parameter, the violation of the SCC occurs at a larger critical charge ratio. Such an increase of the critical charge is nevertheless suppressed by the increase of the cosmological constant. In addition, we also find that different from the minimal coupling perturbation, the region for β ≥ 1 emerges in the near extremal black hole for the Table 5 : The most dominant QNMs in the case of Λ = 0.14, non-minimal coupling, where the increase of the cosmological constant can make such a region enlarged toward a smaller value of the coupling parameter. The existence of this region implies that the resulting curvature can continuously cross the CH.
